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The sound field resulting from striking a basketball is found to be rich in frequency content, with
over 50 partials in the frequency range of 0-12 kHz. The frequencies are found to closely match
theoretical expectations for standing wave patterns inside a spherical cavity. Because of the
degenerate nature of the mode shapes, explicit identification of the modes is not possible without
internal investigation with a microphone probe. A basketball proves to be an interesting application
of a boundary value problem involving spherical coordinates. © 2010 American Association of Physics

Teachers.
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I. INTRODUCTION

When a basketball bounces, the resulting compression and
relaxation after impact with the surface give rise to a
“thump” sound that is short in duration and low frequency in
spectral content.’ However, if a basketball is held in one
hand and struck by a metal rod, the predominant sound is a
metallic sounding “ping” that rings for a second or more
after the ball is struck. In this paper we explain this ringing
sound as due to standing sound waves within the interior
spherical cavity of the basketball.

Discussions of standing sound waves in a spherical cavity
are found mostly in graduate level textbooks in mathematical
physics” or acoustics,” and even then the details are some-
times left for homework problems.5 Spherical or hemispheri-
cal rooms are rarely constructed, despite their aesthetic
shape, because the acoustic conditions can be disastrous and
require strategic agplication of absorbing materials to render
the room useable.

Spherical acoustic resonators are important because they
are used to measure the speed of sound in gases with high
precision7_9 and currently provide the most accurate means
of measuring the universal gas constant.'’ The analysis of a
spherical cavity requires the use of Legendre polynomials
and spherical Bessel functions and necessitates a computa-
tional approach to visualize the mode shapes.11 Undergradu-
ate and graduate students typically encounter these functions
in quantum mechanics courses, especially if spherical quan-
tum wells are discussed.'” A discussion of sound waves in-
side a spherical cavity provides a useful and interesting
complementary encounter with these functions and shapes.

II. ACOUSTIC RESPONSE OF A BASKETBALL

Figure 1 shows the frequency spectrum of the sound re-
sulting from striking a fully inflated basketball with a metal
rod. The basketball was supported with rubber bands and the
acoustic response was recorded with a high quality audio
microphone approximately 1 cm from the basketball’s outer
surface. The frequency spectrum was obtained using a Fou-
rier analyzer over a range of 0—6.8 kHz with a frequency
resolution of 1 Hz. An average of ten impacts was taken. The
spectrum shows some low frequency signal strength below
100 Hz, corresponding to the thump, but the spectrum is
dominated by a large number of very prominent higher fre-
quency peaks, some of which are more than 40 dB above the
noise floor. Additional peaks were observed to extend be-
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yond 12 kHz. Similar spectra have been reported for the
acoustic signature of a 67 cm diameter plastic ball exposed
to white noise."

The first prominent peaks in the spectrum of Fig. 1 are a
series of broad peaks between 400 and 600 Hz. An experi-
mental modal analysis of the basketball confirms that these
peaks are due to the structural vibration of the basketball
shell. A small 0.5 g accelerometer was attached to the ball,
and a force hammer was used to impact the ball at several
locations around its surface. A two-channel Fourier analyzer
was used to record frequency response functions (the ratio of
acceleration response to force input) at 23 points evenly
spaced around the surface of the ball. Modal parameters (fre-
quencies, mode shapes, and damping) were extracted from
the frequency response functions. Figure 2 shows the experi-
mentally obtained fundamental vibrational mode shape of the
basketball at the measured frequency of 410 Hz. The two
images in Fig. 2 represent extremes of motion separated in
time by half a period. The fundamental mode of a spherical
shell is not spherically symmetric; the polar diameter of the
spherical shell alternately elongates and contracts, while the
equator respectively and simultaneously contracts and
expands.

Experimental modal analysis also identified structural
modes at 564 and 616 Hz, but the damping in the rubber
material is so high that it was not possible to obtain clean
mode shapes at these frequencies. Higher order structural
modes would be important for modeling the deformation of
the ball as it bounces from a rigid floor but do not seem to
contribute significantly to the acoustic spectra in Fig. 1,
which is the focus of this paper.

The tall narrow peaks above 900 Hz in Fig. 1 were sus-
pected to be due to standing sound waves in the interior of
the basketball cavity. A finite element model of a rigid-
walled, air-filled spherical cavity of radius 11.6 cm and with
a speed of sound of 343 m/s was found to have standing
wave patterns at 970 and 1580 Hz. Peaks near these frequen-
cies are observed in the sound spectrum in Fig. 1, indicating
that these peaks represent the first two cavity resonances in-
side the basketball. These, and many of the higher frequency
resonances, will be matched with theory later in this paper.

III. THEORY FOR A SPHERICAL ACOUSTIC
CAVITY

To examine the nature of the sound field inside a spherical
cavity, we start with the three-dimensional wave equation for
acoustic sound pressure,
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Fig. 1. Frequency spectrum of the microphone response due to striking a basketball with a metal rod. The spectrum represents the average of ten impacts.
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where c is the speed of sound. In spherical coordinates, the
second-order spatial derivative V2p becomes
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For harmonic waves with the time dependence ', the wave
equation may be written as
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where k=w/c, w=2f, and f is the frequency in hertz. It is
tempting to interpret the quantity k as the familiar wavenum-
ber k=2m/\ in terms of the wavelength N. However, for
waves in a three-dimensional bounded medium, k is actually
the magnitude of a vector quantity whose components repre-
sent wave propagation in the radial and two angular direc-
tions. In such a case it is not possible to directionally resolve
wavelengths. Instead we must deal only with the components
of the wave vector.

The wave equation (3) may be solved using the method of
separation of variables by assuming

Fig. 2. Extremes of motion (separated in time by half a period) for the
410 Hz fundamental structural vibration mode of a basketball. The polar
diameter elongates and contracts, while the equator contracts and expands.
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p(r,6,.4) =R(r)O()®(¢b). (4)

We substitute this form into Eq. (3), carry out all the deriva-
tives, and rearrange the terms to find the separable
equations4’

&
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where m and # are the constants of separation.
Equation (5) governs the longitudinal spatial dependence
on ¢. Its solutions are

O(p) =A cos mep+ B sin mop, (8)

where m must be an integer so that ®(¢) is single valued.
There are no other restrictions on m so that this solution is
really a pair of orthogonal degenerate solutions and may be
written as

D(p) =A cos(mp+ ), )

where A and 7y depend on the initial conditions.
The latitudinal spatial dependence on @ is determined by
Eq. (6). If 72=€(£+1), then
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Its solutions are the associated Legendre polynomials of or-
der m and degree ¢,

O(60) = P} (cos 0), (11)

where the order m and degree € of the polynomial are related
by —{=m<H{.

Equation (7) describes the spatial dependence of the sound
field on the radial distance r from the center of the cavity. If
we substitute 77=¢(€+1) and expand the derivative, Eq. (7)
may be written as
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which is the spherical Bessel equation with solutions
R(r) = j(kr) + yo(kr). (13)

Je(kr) and y,(kr) are, respectively, spherical Bessel functions
of the first and second kind. y,(kr) become infinite at the
origin, so they do not play a role in the sound field inside a
hollow sphere. The spherical Bessel functions are related to
the usual Bessel functions

Jelkr) = \/gfh(uz)(kr) (14)

and may 42111250 be expressed in terms of sine and cosine
functions.™

IV. RESONANCE FREQUENCIES
AND MODE SHAPES

The boundary conditions for sound waves in a spherical
cavity require that the sound pressure be finite at the center
and that the particle displacement and velocity be zero for
r=a at the cavity surface. The sound pressure p and particle
velocity u in a sound wave are related through conservation
of momentum by Euler’s equation,15

du ap
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p&t ar (15)

where p is the density of the gas in the cavity. The boundary
condition of zero velocity at the surface means that the reso-
nance frequencies of the spherical cavity may be determined
from the values of k that satisfy

J
_j€(kr)|r:a=0' (16)
ar

The values of k satisfying this boundary condition are
kn(=an/a, (17)

where z,, is the nth zero of the derivative of the spherical
Bessel function of order €. The resulting resonance frequen-
cies,

ZneC

2ma’
do not depend on the index m because of the degeneracy
with ¢.

The mode shapes corresponding to standing waves inside
a spherical cavity are due to contributions from Egs. (8),
(11), and (13), which we combine as

Pntm = Anfmjf(knfr)P?(cos 0)C0$(I’)’l¢ + ’)/nfm)v (19)

where A,,, and v,, depend on initial conditions.

We identify mode shapes using the notation (n,€,m) ac-
cording to the number of nodal surfaces in the (r, 0, ¢) di-
rections. Acoustic modes for which m=0, such as (1,1,0),
(1,2,0), (1,3,0) and (2,0,0), are called zonal harmonics. These
mode shapes are independent of ¢ and are symmetric about
the z-axis. Acoustic modes for which m=¢, such as (1,1,1),
(1,2,2), and (1,3,3), are sectoral harmonics and have no
nodes in the latitudinal or # direction. All other modes are
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Table 1. Theoretical and measured frequencies (in hertz) for the first 24
resonances of a spherical cavity of inner radius 0.116 m. Measured frequen-
cies have an uncertainty of =1 Hz. The frequency ranges indicate separa-
tion of degenerate modes due to irregularities in the basketball interior.

Measured Probable Theoretical
frequency mode shape (n,€,m) frequency
963 (1,1,m) 979
1565 (1,2,m) 1572
2111 (2,0,0) 2113
2129 (1,3,m) 2122
2664 (1,4,m) 2659
2780-2789 (2,1,m) 2795
3154-3187 (1,5,m) 3181
3412-3426 (2,2,m) 3431
3619 (3,0,0) 3638
3684-3701 (1,6,m) 3694
4010-4028 (2,3,m) 4038
4213 (1,7,m) 4203
4313-4319 (3,1,m) 4334
4594-4620 (2,4,m) 4631
4674-4723 (1,8,m) 4711
4962-4980 (3,2,m) 4993
5104 (4,0,0) 5130
5164-5205 (2,5,m) 5210
5226 (1,9,m) 5214
5588-5613 (3.3,m) 5633
5731-5765 (2,6,m) 5779
5794-5818 (4,1,m) 5836
6209-6235 (3,4,m) 6259
6291-6324 (2,7,m) 6339

tesseral harmonics.

From Egs. (17) and (18) we find that the lowest frequency
corresponds to the degenerate pair of modes (1,1,m) for
which ky;a=2.08, resulting in a frequency of 979 Hz for an
air-filled cavity of radius 11.6 cm. The next frequency corre-
sponds to the degenerate modes (1,2,m), with kj,a=3.34
and a calculated frequency of 1572 Hz.

For spherically symmetric radial modes with £=m=0, the
spherical Bessel function is

sin(kr)
kr

Jotkr) = (20)

and the boundary condition in Eq. (16) becomes
tan knoa = knoa, (21)

with roots k,qa=0,4.49,7.73,10.90,14.07,.... Thus the
(2,0,0) radial mode for an air-filled spherical cavity of radius
11.6 cm has a frequency of 2113 Hz. Rayleigh predicted
frequency ratios’ for these symmetric vibrations as
f300/f200=1.719 and f400/f200=2.427. Raylelgh also pre-
dicted that the lowest resonance frequency of the spherical
cavity, the (1,1,m) mode, would be more than an octave
lower than that of the first spherically symmetric mode
(2,0,0). Both predictions are consistent with the data in
Table I.

Figures 3 and 4 illustrate two methods of visualizing the
lowest order mode shapes in a spherical cavity. In Fig. 3 the
modes are identified by drawing nodal surfaces on which the
sound pressure is zero.* As the latitudinal direction is tra-
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Fig. 3. Pressure nodal surfaces for the lowest nonradial modes and the first
radial mode of a spherical cavity. Modes are designated by indices (n,€,m),
and modes in each row are degenerate modes with identical frequencies
(after Ref. 4).

versed from the top to the bottom over the surface of the
spherical cavity, (£—m) nodal surfaces are encountered,
whereas traversing the surface of the sphere in the longitu-
dinal direction yields 2m nodal surfaces. The €=1 and €=2
families of mode shapes are nonradial modes for which the
air in the cavity oscillates back and forth from side to side or
moves in a tangential direction around the circumference.
For the (1,1,0) mode, the (x,y) plane (corresponding to
0=m/2) is a nodal surface, and for the (1,1,1) mode, any
meridian plane is a nodal surface. The nodal surface for the
(1,2,0) mode is a cone with its vertex at the center of the
sphere. The (2,0,0) mode is the first radial mode, and its
nodal surface is a sphere with radius r=0.582a.

An alternate method of visualizing mode shapes shown in
Fig. 4 visualizes the mode shapes using surfaces that repre-
sent the amplitude of the sound pressure as a function of
angular direction at a fixed radial distance from the center of
the spherical cavity. Adjacent lobes have opposite phases as
indicated by the + and — signs. The mode shapes in Fig. 4
look similar to the shapes representing probability distribu-
tions [W|? for the first few hydrogen wave functions.'* This
similarity is not surprising because the same mathematics is
responsible for both phenomena. It is also possible to visu-
alize mode shape cross-sections using density plots.“’12

It is worth spending some time to understand what the
shapes in Figs. 3 and 4 represent. For the (1,1,0) mode, the
pressure nodal surface comprising the equatorial plane in
Fig. 3 represents locations where the pressure is zero. The
sound pressure amplitude is maximum near the north and
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Fig. 4. Nonradial mode shapes representing the sound pressure amplitude at
a constant distance from the center of the sphere for several lowest modes
(n,€,m) of a spherical cavity, corresponding to some of the nodal surface
maps in Fig. 3. Adjacent lobes have opposite phase, as indicated by + and —
signs. Modes in each row with the same value of € are degenerate modes
with identical frequencies.

south poles of the sphere, with opposite phases as indicated
in the (1,1,0) mode shape in Fig. 4. In this mode shape, the
air in the cavity oscillates back and forth between the upper
and lower hemispheres, following a path with radial and tan-
gential components. The velocity and displacement of the air
particles are maximum at the equatorial plane. The behavior
of the (1,1,1) mode is similar, with air oscillating back and
forth between the left and right hemispheres.

For the (1,2,0) mode the surfaces of zero sound pressure
are cones with vertices at the center of the sphere (see Fig.
3). If we assume that the sound pressure amplitude starts out
positive at the north and south poles and negative around the
equator, as indicated in Fig. 4, the air molecules oscillate
along paths tangent to the spherical surface (with no radial
components of motion) from both poles simultaneously to-
ward the equator and then back toward the poles. For the
(1,2,1) mode the surfaces of zero sound pressure are planes
and divide the sphere into quadrants. As the mode oscillates,
air in each quadrant moves in and out of the adjacent quad-
rants. For example, some of the air molecules in the upper
right quadrant move, in a mostly tangential direction, clock-
wise toward the lower right quadrant, while other air mol-
ecules move counterclockwise toward the upper left quad-
rant. The particle displacement and velocity are maximum at
the locations of the nodal surfaces in Fig. 3. Conversely, the
particle displacement and velocity are zero where the sound
pressure amplitude is maximum, corresponding to the lobes
of the pressure amplitude shapes shown in Fig. 4. The be-
havior of the (1,2,2) mode is similar.

For the radially symmetric (2,0,0) mode, the sound pres-
sure nodal surface is a sphere, and the air particle motion is
purely radial. Air molecules oscillate along radial paths away
from the center toward the surface r=a and back toward the
center. The sound pressure amplitude at the center of the
sphere is greater than the amplitude at the surface r=a be-
cause of the nature of the radial dependence of the Bessel
function.
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Modes for which m and ¢ are both less than n involve
waves that reflect perpendicularly from the spherical surface
of the cavity and focus strongly at the center of the sphere.z’6
For modes where m and € are both much greater than n, the
waves tend to travel in paths tangent to the sphere surface
and thus avoid the center of the sphere. The pressure ampli-
tude for these modes is small throughout most of the cavity
and large only near the cavity walls.

V. MATCHING MEASUREMENT TO THEORY

The National Collegiate Athletic Association'® requires a
properly inflated basketball to have an outer circumference
between 29.5 and 30 in. (749-762 mm),"” corresponding to
an outer radius of 12.0 cm. If we assume a wall thickness of
0.4 cm, we find a radius of a=11.6 cm for our spherical
cavity, in agreement with Refs. 1, 18, and 19. The speed of
sound inside the basketball was taken to be c=343 m/s.
Table I compares the theoretical frequencies calculated from
Eq. (18) to the measured frequency values. Several measured
frequencies, including the (1,1,m) and (1,2,m) modes, are
slightly lower than the theoretical values, and other measured
frequencies for higher modes are higher than theory. These
discrepancies could be due to coupling between the shell and
internal acoustic modes™ but more likely result from the
interior of the basketball not being perfectly spherical.

A detailed inspection of the frequency spectrum reveals
some interesting observations. Theory predicts that the
(2,0,0) and (1,3,m) modes are separated by only 9 Hz, with
frequencies of 2113 and 2122 Hz, respectively. The spectrum
in Fig. 1 appears to show a single strong peak near 2100 Hz,
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Fig. 5. Details of the frequency spectrum from Fig. 1 showing the frequency

splitting of degenerate modes.
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but a closer look at the spectrum, as shown in Fig. 5, reveals
a strong peak at 2111 Hz and a smaller but distinct peak at
2129 Hz. The purely radial modes (rn,0,0) show up in Fig. 5
as narrow single peaks. Modes with n=1 also show up as
narrow single peaks. However, the magnified view of the
spectrum shows that most of the other degenerate modes
exhibit multiple peaks, indicating that the degenerate shapes
that should occur at the same frequency are split among sev-
eral closely spaced frequencies. This mode splitting is most
likely due to the basketball interior not being a perfect
sphere.

Even with the observed mode splitting that separates the
degeneracies, an external measurement of the interior sound
field with a single microphone cannot distinguish which
mode or modes are present at those frequencies. It is possible
to identify some of the lowest order degenerate modes by
using two microphones at different locations and comparing
signal strengths. ! The differences between the measured and
theoretical frequencies for radially symmetric modes and the
frequency splits between degenerate modes can be used to
determine the extent to which the exact shage of the spheri-
cal cavity deviates from a perfect sphere.zz’ ? However, the
precision of the measurements of frequencies and resonator
volumes required to make such estimates is far beyond those
used in the present analysis.

VI. CONCLUSIONS AND FURTHER EXPLORATION

We have shown that the sound resulting from striking a
fully inflated basketball may be explained by modeling the
interior of the ball as a spherical acoustic cavity. Resonances
in the measured frequency spectrum are consistent with pre-
dicted frequencies.

A challenging undergraduate project would be to drive and
map the first several standing waves inside a spherical cavity.
One could obtain or construct a large transparent plastic
spherical shell. Transparency would facilitate interrogation
of the interior. Small loudspeakers could be used to drive
specific modes and a small microphone could be used to
measure the standing wave patterns. Locations of nodal sur-
faces could be determined by observing the Lissajous pattern
between input and output signals,2 or one could adapt the
approach recently used to identify resonances in a cylindrical
acoustic resonator.” The excess of degenerate modes and the
potential for mode mixing would preclude the identification
of each of the individual modes for each frequency in Table
I. But the identification and mapping of the mode shapes
shown in Fig. 3 should be possible.
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